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Escapinglocal optimality

occasionallyacceptworsesolutions
tabu search
simulatedannealing

modify evaluationfunctionat run time
dynamiclocal search

generatenew solutions(for a local search)
iteratedlocal search
memeticalgorithms/ EAs
antcolony optimization
GRASP

constructivemethods
antcolony optimization
iteratedgreedy
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Notation

�

: setof (candidate)solutions

�: solutionin

�

�

: costfunction

�

�

�

�

: costfunctionvalueof solution �

�

�

�

: neighborhoodof �

here,we assumethatwe solveminimizationproblems
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What is SimulatedAnnealing (SA)?

SimulatedAnnealingis anSLSmethodthat tries to avoidlocal
optimabyacceptingprobabilisticallymovesto worsesolutions.

SimulatedAnnealingwasoneof the�rst SLSmethods

now a "mature"SLSmethod
many applicationsavailable(ca.1,000papers)
(strong)convergenceresults

simpleto implement

inspiredby ananalogyto physicalannealing
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Physicsanalogy:annealing

annealingis a thermalprocessfor obtaininglow energy
statesof asolid throughaheatbath.
1. increasethetemperatureof thesoliduntil it melds
2. carefullydecreasethetemperatureof thesolid to reacha

groundstate(minimalenergy state,cristalinestructure)

computersimulationsof theannealingprocess
modelsexist for thisprocessbasedonMonteCarlo
techniques
Metropolisalgorithm
simulationalgorithmfor theannealingprocessproposed
by Metropolisetal. in 1953
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Metropolisalgorithm

generatesasequenceof states

1. givenstate

�

with energy

���

, generatesubsequentstate

�

with

energy

���

by someperturbationmechanism

2. If

�
�

�

�

�

�

	

, thenaccept

�

, otherwiseaccept

�

with

probability
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��

: Boltzmannconstant,
�

: temperature

if temperatureis loweredslow enough,thesolidmayreachthermal

equilibriumateachtemperature

thermalequilibriumcharacterizedby Boltzmandistribution
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Phys.annealingvs.optimization

physicalsystem comb. optimizationproblem
state �� candidatesolutions
energy of a state �� costfunction
groundstate �� optimumsolutions
temperature �� controlparameter(temperature)
rapidquenching �� iterative improvement
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SA— high level procedure

generatesomeneighboringsolution �

�

�

�

�

�

if

�

�

�

�

�

�

�

�

�

�

, thenaccept �

�

if

�

�

�

�

�

�

�

�

�

�

, thenaprobabilisticyes/nodecisionis made
if outcomeis yes, then �

�

replaces �

if outcomeis no, � is kept

probabilisiticdecisiondependson
thedifference

�

�

�

�

�

�

�

�

�

�

a controlparameter

�

, calledtemperature
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SimulatedAnnealing— Proceduralview

procedureSimulatedAnnealing

�

�

	

; setinitial temperature

���

�

� GenerateInitialSolution; �

best

�

�

while outerloopcriteriondo

while innerloopcriteriondo
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if
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�

�

�
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�

best

� �

�

best

�

�

end

���

�

�

� UpdateTemp

�

�

�

�

, �

�

�

 

!

end

return �

best

end
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SA— generalissues

generationof neighboringsolutions
often: generatea randomneighboringsolution

�

�

�

�

�

�

possiblybetter: systematicallygenerateneighboring
solutions

� at leastoneis sureto samplethewhole
neighbourhoodif nomove is accepted

acceptancecriterion
oftenused: Metropolisacceptancecriterion

if

�

�

�

�

�

�
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thenaccept �
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thenacceptit with aprobabilityof
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SA— coolingschedule

openquestions
how to de�ne thecontrolparameter?
how to de�ne the(innerandouter)loopcriteria?

coolingschedule
initial temperature

���

(Example:baseit onsomestatisticsaboutcostvalues,acceptanceratiosetc.)

temperaturefunction— how to changethetemperature
(Example:geometriccooling,

�

�

�

�

�

�
�

�

�
�

�

�

�

�

�

�	 	 	 ,

�




�




�

)

numberof stepsateachtemperature(innerloop
criterion)
(Example:multipleof theneighbourhoodsize)

terminationcriterion(outerloopcriterion)
(Example:no improvementof �

bestfor anumberof temperaturevaluesandacceptance

ratebelow somecritical value)
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SimulatedAnnealing— Theory

considera variantof SA where
thetemperatureis �x edto

�

�

�

thenumberof stepsis in�nite
neighboringsolutionsaredrawn randomly

modelthisalgorithmasa (homogeneous)Markov chain

aMarkov chainis a stochasticprocess,in which transition
probabilitiesonly dependon thecurrentstate

probabilitiesof statetransitionscanbesummarizedin a
matrix
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Transition probabilities(1)

how to computethetransitionprobabilities?

decomposetransitionprobabilityfrom �
� to �

�

�

�

�

�

�

into
perturbationprobability

�

� �

�
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�
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�

	



�
�

�

� 	
� if �

�

�

�

�

�

���

�

� otherwise;

(1)

acceptanceprobability

�

� �
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(2)
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Transition probabilities(2)

thetransitionprobabilitybetweentwo solutions �
� and �

�

canbecomputedas
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otherwise;

undersomemild assumptionson theneighborhood
structure,theresultingMarkov chainis ergodic
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Limiting statedistribution

let �

�

�

�

�

�

�

betheprobabilitythat �

� is thecurrentsolution
after

�

stepsof thealgorithmat temperature
�

stateprobabilityvector: �

�
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� � � �
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� � � �

�

for ergodicMarkov chains,thestateprobabilityvector
convergesto a limiting probabilityvector
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(Boltzmanndistribution)
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Limiting distribution for �

considertwo solutions �

� and �

� with
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Limiting distribution

hence,we haveprovedthat
for a feasiblesolution �,

���

�

� , and

�

�

theprobability
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convergesto
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where

�

opt is thesetof all optimalsolutions
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Observations
if SA canberun longenough

with anin�nite numberof temperaturevaluesand
for eachtemperaturevaluewith anin�nite numberof
steps

onecanbesureto beatanoptimalsolutionat theend

however, it is not clearwhatendmeans

in addition,whenrunatasingletemperaturelevel long
enough

wecanbesureto �nd theoptimumsolution
hence,anoptimalsolutioncanbefoundwithout
annealing
oneonly needsto storethebestsolutionfoundand
returnit at theend

BUT: we need

���

�

� to guaranteeoptimality
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Whatdo theproofssay?

from theproofswe canalsoconcludethat
bettersolutionsarebecomingmorelikely

thisgivesevidencethatafter
asuf�cient numberof temperaturevaluesand
asuf�cient numberof stepsateachtemperaturevalue

chancesarehigh to haveseenagoodsolution

however, it is unclearwhatsuf�cient means

remark: strongerresultsthantheonespresentedbeforeare
available.SeeHajek'sarticlefrom 1988
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SAexample:TSP(1) Johnson,McGeoch 1997

simpleimplementation
startfrom arandominitial solution
neighborhood:2-opt
simplecoolingschedule

�

� is chosensuchthatca.3%of themovesare
rejected
geometriccoolingwith �

�

�

�

��

temperaturelength �

�

�

�

�

�

outerloopcriterion:5 temperaturevalueswithout
improvementandacceptanceratebelow 2%

� relatively poorresults(worsethan3-opt at300
timeshighercomputationtimes)
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SAexample:TSP(2) Johnson,McGeoch 1997

Improvements
look-uptablefor acceptanceprobabilities
restrictionof theneighborhoodto smallcandidatesets
usingnearestneighborlists of length20
goodinitial solution
low temperaturestarts
systematicscanof theneighborhood
inclusionof 3-opt moves

� signi�cantly improvedresults,comparableto
random-restartLK for samecomputationtime

comparisonto othertechniques

� SA quitefar behindstate-of-the-artof TSPsolving
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Graphbipartitioning

Given A graph

�

�

�
�

�

�

�

.

Goal Findapartitionof thegraphin two nodesets
�

� and

�

�

with

�

�

�

�

�

�

�

�

�

and

�

�

�

�

�

�

�

, suchthatthenumberof
edgeswith endnodesin thetwo differentsetsis minimized.

BA
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SAexample:graphbipartitioning Johnsonetal. 1989

testswererunon randomgraphs(

���

�

� ) andrandom
geometricgraphs

�

�

�

�

modi�ed costfunction( �: imbalancefactor)
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� �
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� allows infeasiblesolutionsbut punishestheamountof
infeasibility

sideadvantage: allows to use1–exchangeneighborhoodsof
size




�

�

�

insteadof thetypicalneighborhoodthat
exchangestwo nodesata timeandis of size
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SAexample:graphbipartitioning Johnsonetal. 1989

initial solutionis chosenrandomly

standardgeometriccoolingschedule

experimentalcomparisonto Kernighan–Linheuristic
SimulatedAnnealinggavebetterperformanceon

�

�

�

�

graphs
just theoppositeis truefor

�

�

�

� graphs

severalfurtherimprovementswereproposedandtested

generalremark: Althoughrelatively old, Johnsonetal.'sexperimen-

tal investigationsonSA arestill wortha detailedreading!
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SAexample:coursetimetabling

abstractionof a realcoursetimetablingproblemstudiedin
themetaheuristicsnetwork

problem
givenis asetof eventsvisitedby asetof students
goal: assigneventsto timeslotsandroomssubjectto
hard constraintsandoptimizationcriteria

hardconstraints
nostudentattendsmorethanoneeventat thesametime
roomis big enoughandsatis�esall featuresrequiredby
theevent
atany timeslot,thereis atmostoneeventin a room
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SAexample:coursetimetabling

optimizationcriteriathroughsoftconstraints
studenthaseventin lastslot of aday
studenthasmorethantwo eventsin a row
studenthasasingleclassonaday

soft constraintviolationsarepenalized

objective
�nd a feasiblesolutionwith minimumnumberof soft
constraintviolations
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SAexample:coursetimetabling

thisproblemwasattackedin theMetaheuristicsNetwork

andis partof theInternationalTimetablingCompetition!!

implementedSLSmethods
Ant Colony Optimization
IteratedLocalSearch
SimulatedAnnealing
Tabu Search
EvolutionaryAlgorithms

all theSLSmethodswereimplementedby theexpertlabsin
themetaheuristicsnetwork

andextensively evaluatedonasetof benchmarkproblems
(resultscourtesyof MichaelSampels)
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Coursetimetabling:

implementationsweredonein two phases

�rst phase
all labsweregivena samelocal search
all labsweregivenonemonthof developmenttime
thenall algorithmshadto besubmittedandwere
evaluated

here: resultsof this �rst phase

secondphase:morein depthstudiesandfurther
developments

thecomputationalresultswereanalyzedwith
non-parametricstatisticaltestsbasedon ranks
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Results:Small sizeinstance
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Mediumsizeinstance
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Largesizeinstance
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Additional issues� � � not coveredhere

Non-monotonecoolingschedules

parallelization

inhomogeneoustheory

resultsonspeedof convergence

optimalcoolingschedules

relatedapproaches(thresholdacceptingetc.)
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Summary

SimulatedAnnealingis historicallyoneof the�rst SLS
methods

veryeasyto implement

interestingfor
practitioners:shortdevelopmenttimes
mathematicians:convergence

goodresultsbut oftenat thecostof substantialcomputation
times
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ThomasStützle,SA, DLS, GRASP, IG — MN Summerschool,Tenerife,2003– p.35



What is dynamiclocal search?

Dynamiclocal search is a collectivetermfor a numberof
approachesthat try to escapelocal optimaby iteratively

modifyingtheevaluationfunctionvalueof solutions.

differentconceptfor escapinglocaloptima

severalvariantsavailable

promisingresults
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Dynamiclocal search

guidethelocal searchby adynamicevaluationfunction

evaluationfunction

�

�

�

�

composedof
costfunction

�

�

�

�

penaltyfunction

penaltyfunctionis adaptedatcomputationtime to guidethe
local search

penaltiesareassociatedto solutionfeatures

relatedapproaches
long termstrategiesin tabu search
noisingmethod
usageof time-varyingpenaltyfunctionsfor (strongly)
constrainedproblems
etc.
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Issuesin dynamiclocal search

timing of penaltymodi�cations
atevery local searchstep
only whentrappedin a localoptimumw.r.t.

�

long termstrategiesfor weightdecay

strengthof penaltymodi�cations
additivevs.multiplicative penaltymodi�cations
amountof penaltymodi�cations

focusof penaltymodi�cations
choiceof solutionattributesto bepunished

Example:GuidedLocalSearch
PhDthesisVoudouris;Voudouris,Tsang,Mills 1995–	 	 	
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Guidedlocal search

guidedlocal search(GLS)
modi�es penaltieswhentrappedin localoptimaof

�

variantsexist thatuseoccasionalpenaltydecay
usesadditivepenaltymodi�cations
choosesfew amongthemany solutioncomponentsfor
punishment
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Guidedlocal search — Proceduralview

procedureGuidedLocalSearch

�

�

���

�

�

�

�

�

�

�

�

�

�

�

�

	


��

	�


�

�

�

�

�

�

�

�

�

�

	

���

�

�

�

�

�

	

�

��� �

while (terminationconditionnotmet)do

�

� ComputeAugmentedObjectiveFunction

�
�

�

�

� � �

	




� �

�

�

�

�

�
�

�

�

�

�

�

��� �

�

�

�

�

�

�

�

	

�

�
� �

�

�
�

�

endwhile
return �

best
endprocedure

Attention: to get �

best, checkin LocalSearch solutionsalsow.r.t. thecostfunction

�
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GLS— details

penaltiesareassociatedto solutionattributes
costcontribution

�

�

�

�

�

for solutionattribute

�

penaltycosts �

� for solutionattribute
�

anindicatorfunction

�

�

�

�

�

sayswhethersolution
attribute

�

occursin solution �

evaluationfunction

�

�

�

�

becomes

�

�

�

�

�

�

�

�

�

�

���

�

��� �

�

�

�

�

�

�

�

�

: numberof solutionattributes

�

: determinesthein�uence of thepenaltycosts

ThomasStützle,SA, DLS, GRASP, IG — MN Summerschool,Tenerife,2003– p.41



Guidedlocal search — details

LocalSearch
uses

�

�

�

�

for evaluatingsolutions
runsuntil stuckin a localoptimum

�
� w.r.t.

�

oncestuck,penaltiesaremodi�ed

modi�cation of penalties
de�ne theutility of solutionattributesas

Util

�

�
�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

for all solutionattributeswith maximumutility set

�

�

�

�

�

�

�
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PropositionalSatis�ability Problem(SAT)

SimpleSAT instance(in CNF):

���

�

�

�




���

�

�

�

�

�

models

�

� true�

�

� false

�

� false�

�

� true

SAT Problem– decisionvariant:For agivenpropositional
formula

�

, decidewhether

�

hasat leastonemodel.

SAT Problem– model�nding variant:For agiven
propositionalformula

�

, if

�

is satis�able,�nd amodel,
otherwisedeclare

�

unsatis�able.
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GLSexample:SAT/MAX-SAT Mills, Tsang,2000

best-improvement1–optlocal search(GSAT architecture)

usesin additionsa specialtie-breakingcriterionthatfavors
�ipping a variablethatwas�ipped thelongesttimeago
(takenfrom HSAT)

if in � consecutive iterationsno improvedsolutionis found,
thenmodify penalties

solutionattributesareclauses

whentrappedin a localoptimum,addpenaltiesto clausesof
maximumutility
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GLSexample:SAT/MAX-SAT

computationalexperience
goodresultsespeciallyfor veryhardSAT instances
currentlyoneof thebestavailablealgorithmsfor
weightedMAX-SAT

furtherapplications
TSP
QAP
VehicleRouting
ConstraintSatisfactionProbleme
workforcescheduling
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What is GRASP?

GreedyRandomizedAdaptiveSearch Procedures(GRASP)is an
SLSmethodthat tries to constructa largevarietyof goodinitial

solutionsfor a local search algorithm.

predecessors:semi-greedyheuristics

triesto combinetheadvantagesof randomandgreedy
solutionconstruction
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Greedyconstructionheuristics

iteratively constructsolutionsby choosingateach
constructionsteponesolutioncomponent

solutioncomponentsareratedaccordingto agreedy
function
thebestrankedsolutionscomponentis addedto the
currentpartialsolution

examples:Kruskal's algorithmsfor minimumspanning
trees,greedyheuristicfor theTSP, � � �

advantage: generategoodquality solutions;local search
runsfastand�nds typically bettersolutionsthanfrom
randominitial solutions

disadvantage: donot generatemany differentsolutions;
dif�culty of iterating
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Randomvs.greedyconstruction

randomconstruction
highsolutionquality variance
low solutionquality

greedyconstruction
goodquality
low (no)variance

goal: exploit advantagesof both
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Semi-greedyheuristics

addateachstepnotnecessarilythehighestratedsolution

repeatuntil a full solutionis constructed:
ratesolutioncomponentsaccordingto agreedyfunction
puthigh ratedsolutioncomponentsinto a restricted
candidatelist (RCL)
chooseoneelementof theRCL randomlyandaddit to
thepartialsolution
adaptiveelement:greedyfunctiondependson thepartial
solutionconstructedsofar

Hart,Shogan,1987
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Generationof theRCL

mechanismsfor generatingRCL
cardinalitybased: includethe

�

bestratedsolution
componentsinto RCL
valuebased: includeall solutioncomponentswith
greedyvaluesbetterthanagiventhreshold

�
�

� �

�

�

� basedRCL
let

�

min (

�

max) begreedyvaluesof best(worst)ranked
solutioncomponent
includesolutioncomponents� with greedyvalues

�

�

�

�

�

�

min

�

�
�

�

�

max �

�

min

�

�

�

�

�

�

�

�

is aparameter

�

�

�

correspondsto agreedyconstructionheuristic

�

�

�

correspondsto a randomsolutionconstruction
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GRASP

GRASPtriesto captureadvantagesof randomandgreedy
solutionconstruction

iteratethrough
randomizedsolutionconstructionexploiting agreedy
probabilisticbiasto constructfeasiblesolutions
applylocal searchto improveover theconstructed
solution

keeptrackof thebestsolutionfoundsofarandreturnit at
theend
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GRASP— local search

local searchfrom randomsolutions
highvariance
bestsolutionqualityoftenbetterthangreedy(if not too
largeinstances)
averagesolutionqualityworsethangreedy
local searchrequiresmany improvementsteps

local searchfrom greedysolutions
averagesolutionqualitybetterthanrandom
local searchtypically requiresonly a few improvement
steps
low (no)variance
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GRASP— Proceduralview

procedureGRASP
Initialize Parameter
while (terminationconditionnotmet)do

�

� ConstructGreedyRandomizedSolution

� �

�

�

� LocalSearch
�

�

�

if

�

�

�

�

�

�

�

�

�

best
�

�

best
�

�

�

end
return �

best
endGRASP
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GRASPExample: SAT

solutioncomponentsarevalueassignmentto variables

greedy-Function
numberof still unsatis�edclausesthatwouldbecome
satis�edby avalueassignment

�

�

� : setof additionallysatis�edclausesif �
�

� true

�

�

� : setof additionallysatis�edclausesif �
�

� false

�
�

� �

�

�

� basedRCL
Let

�

�

�

�

�

�

� �

�

�

�

�

�

�

�

�

�

� �

overall freevariables �

�

�

�

� true � RCL if

�

�

�

�

�

�

�
�

�

�

�

�

� false � RCL if

�

�

�

�

�

�

�
�

�

�
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GRASPExample: SAT

variableselection
if anunsatis�edclausecontainsonly onesinglestill
uninstantiatedvariable,try to satisfythis clause
otherwisechooserandomlyanelementfrom theRCL

local search
best-improvement1-optlocal search(GSAT
architecture)

performance
at thetime theresearchwasdonereasonablygood
performance
however, nowadaysby faroutperformedby morerecent
local searchalgorithmsfor SAT
thesameis truefor weightedMAX-SAT
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GRASPextensions
convergenceof GRASP(notguaranteedif �

�

�

�

)

introductionof abiaswhenchoosingelementsfrom theRCL
differentpossibilitiesof using,e.g.ranks(e.g.
bias

��� �

�

�

�

� )
chooseasolutioncomponentwith aprobability
proportionalto bias

reactiveGRASP(tuningof �)

additionof a typeof long termmemoryto biassearch
pathrelinking
useof previouselitesolutionsto guideconstruction

parallelizationof GRASP
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GRASP— concludingremarks

straightforwardextensionof constructionheuristics

easyto implement

few parameters

many differentapplicationsavailable

severalextensionsexist

canbeusedto generateinitial populationin
population-basedmethods

however, asa stand-aloneprocedureoftennot
state-of-the-artresults
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What is IteratedGreedy?

IteratedGreedyis anSLSmethodthatbuildsa sequenceof
solutionsby iterating overgreedyconstructionheuristicsthrough

destructionandconstructionphases.

straightforwardextensionof iteratedlocal searchto the
context of greedyconstructionheuristics

verygoodresultsin avarietyof applications
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Greedy— proceduralview

procedureGreedyConstructionHeuristic

�

�

� emptysolution
while �

� is notacompletesolution � do

�

� GreedyComponent

�

�

�

�

�

�

�

�

�

�

�

endwhile

�

�

�

�

return �

endprocedure
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Greedyconstructionheuristics

giveseedsolutionsto local search/ EAsetc.

sometimesadditionalfeaturesapplied
uselook-ahead
uselocal searchonpartialsolutions

constructionheuristicsalsousedinsideseveralSLSmethods
likeACO,rollout/pilotingmethod,GRASP

differentapproach:
destructpartof thesolution
reconstructa full solution
iteratethroughthesetwo phases

� iteratedgreedy(IG)
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IG — proceduralview

procedureSimpleIteratedGreedy

�

� GenerateInitialSolution
repeat

�

�

� DestructionPhase
�

�

�

�

�

� ConstructionPhase
�

�

�

�

�

� AcceptanceCriterion

�

�

�

�

�

�

until terminationconditionmet
end

closelyrelatedto iteratedlocal searchbut usingasanunderlyingheuristic

agreedyconstructionone
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IG — algorithm

destructionphase
�x edvs.variablesizeof destruction
stochasticvs.deterministicdestruction
uniformvs.biaseddestruction

constructionphase
noteveryconstructionheuristicis trivially applicable
e.g.nearestneighborconstructionheuristicfor TSPwouldneedsomeadaptations

typically, adaptiveconstructionheuristicspreferable
speedof theconstructionheuristicis anissue

acceptancecriterion
verymuchthesameissueasin ILS
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IG — enhancements

usageof historyinformationto biasdestructive/constructive
phase

uselowerboundson thecompletionof asolutionin the
constructivephase

combinationwith local searchin theconstructivephase

uselocal searchto improve full solutions

� destruction/ constructionphasescanbeseenasa
perturbationmechanismin ILS

exploitationof constraintpropagationtechniques
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IG example:Setcovering

given:
�nite set

�

�

�

�

�

� � � � �

�

�

�

of objects
family

�

�

�

�

�

� � � �

�

�

�

of subsetsof

�

thatcovers

�

weightfunction �
�

�

�

� IR
�

�

�

�

covers

�

if everyelementin

�

appearsin at least
onesetin

�

, i.e. if

�

�

�

goal: �nd a subset
�

�

�

�

of minimumtotalweightthat
covers

�

.

interest: arisesin many applications,

�

-hard
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IG example:Setcovering

IG approachby BruscoandJacobsfrom 1995

assumption:all subsetsareorderedaccordingto
nondecreasingcosts

constructinitial solutionusingagreedyheuristicbasedon
two steps

randomlyselectauncoveredobject�

�

addthelowestcostsubsetthatcovers�

�

DestructionPhase removesa �x ednumberof

�

�

�

�

�

subsets;

�

� is aparameter
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IG example:Setcovering

ConstructionPhase proceedsas
build acandidatesetcontainingsubsetswith costof less
than

�

�

�

�

�

�

�

computethecovervalue �

�

�

�

�

�

�

�

�

� : numberof objectscoveredwhenaddingsubset

�

�

adda subsetwith minimumcovervalue

completesolutionis post-processedby removing redundant
subsets

AcceptanceCriterion: Metropolisacceptancecriterion
from SA

computationalexperience
goodperformancewith thissimpleapproach
morerecentIG variantsarestate-of-the-artalgorithms
for SCP
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IG — concludingremarks

simpleprinciple

analogousextensionto greedyheuristicsasILS to local
search

notaverystronglyexploredSLSmethod

providesanadditionaltool to SLSresearchers

for someapplicationssofarexcellentresults

cangiveplaceto moreeffectivecombinationsof treesearch
andlocal searchheuristics
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