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Exampleproblem— TSP

given: fully connected,
weightedGraph

�

�

�
�

�

�

�

�

�

goal: �nd shortest
Hamiltoniancycle

hardness:

�

-hard

interest: standard
benchmarkproblemfor
algorithmicideas
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Local search

Ingr edients

(candidate)solutionrepresentation,searchspacede�nition

�

TSP:setof all possiblepermutationsof thecity indices

solutionset

�

�

�

�

TSP:setof all shortestHamiltoniancycles(tours)

costfunction

��� ���

	 IR



�

TSP:sumof theweightsof theedgesin a tour

neighborhoodrelation

�

�
� �

TSP:e.g.

�

-exchangeneighborhood;

two toursdiffer in (atmost)
�

edges

anexaminationschemeof theneighborhood
how to searchneighborhoodandto choosea new solution
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Local search
Main issues

neighborhoodde�nition
problemspeci�c
essentialin�uence onef�ciency andeffectivenessof
local search
tradeoff: sizeandsolutionquality vs. time to search

neighborhoodexaminationmechanism
in whichorderto searchneighborhood
whichneighboringsolutionbecomesnew one
(pivoting rule)

remark:neighborhoodsaretypically de�ned throughmoves
thatareapplicableto solutions
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Disclaimer

in thispresentationwe only talk aboutissueswhenimplementing
iterative improvementalgorithms

procedure Iterativeimprovement
while

�

�
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�
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�

�

�

�

�
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�

�

�

�

�

�
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�

�

�

do

�

�

�

�

end
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Advantagesof local search

Why canlocal searchbegood(trivial reasons)?

costof generatingneighboringsolutions
typically, for generatinganeighboringsolutionthe
computationalcomplexity is muchlower than
generatinga new solutionfrom scratch
for evaluatinganeighboringsolution,it oftendoesnot
needto generateit explicitly atall

costof evaluatingneighboringsolutions
typically

�

-evaluationcanbedonein acomputational
costthatis muchlessthancomputingsolutioncostfrom
scratch
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Disadvantagesof local search?

iterative improvementmaytakeexponentialtime in the
worstcase
but usuallythisoccurs only rarely andfor few problems

exponentialincreaseof thenumberof localminimawith
instancesize

short-sightednessof local search

general:problemof localoptimality

Experiencehasshown thatthedisadvantagesarefor many
problemsby faroutweightedby theadvantages
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Pivoting rules

givesa rulewhichof theneighboringsolutionsis accepted
bestimprovement
�rst improvement
(worstimprovement) please, don't usethis one

"checkout-time"

it is problemdependent,whichpivoting rule resultsin better
qualitysolutionsor givesplaceto fasterlocal search
algorithms

pivoting rulescanhavesigni�cant in�uence on the
performanceof local searchalgorithms

ThomasStützle,Irina Dumitrescu,Topicsin Local Search— MN Summerschool,Tenerife,2003– p.9



Examplewhere�rst is fasterthan best

TSP, 2-opt , averagesover10 local searches
(CPU:UltraSparc300MHz)

randomstartingsolution

bestimp �rst imp

secs No.moves

�

avg secs No.moves

�

avg

d198 0.93 220 4.8% 0.038 390 5.2%

lin318 4.35 380 7.9% 0.12 680 14.3%

pcb442 11.60 500 10.9% 0.23 950 11.6%

rat783 72.06 750 10.0% 0.84 1820 11.2%

pcb1173 — — — 1.99 2730 13.3%

fl1577 — — — 4.74 2900 12.1%

pr2392 — — — 10.1 5790 13.9%
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Neighborhoodexamination

orderof searchingtheneighborhood
deterministicorder
randomorder

whereto continuethelocal searchafteranexchange
continuefrom whereyou are
restartfrom whereyou startedscanningthe
neighborhood

�bestvariantneedsto bedeterminedin anexperimental
way
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-evaluation— TSP

2-opt

computecostof a2-opt move in constanttime (
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) as

���
�

�

�

� �
�

�

�

� �

�

�

� �

�

�

�

�

�

�

�

�

�� �

�

�

� �
�

�

�

�

�

�� �

�

�

� �

�

�

�

�

�

�� �

i, s(i): city

�

andits successorin thetour
j, s(j): city

�

andits successorin thetour

costof evaluationfunctionevaluationfrom scratch:linear
time (

�

�
	 �

)
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Example: QAP

given: 	 objectsand	 locationswith

�

�� : �o w from object

�

to object

�

��� �

: distancebetweenlocation � andlocation �

goal: �nd anassignment(i.e.apermutation)of the	 objects
to the	 locationsthatminimizes

�

���

	




�

��
 �




��� �




�

�

�

�
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�

	

�
�

�

	

�
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�

�

�

giveslocationof object

�

interest: it is amongthe“hardest”combinatorial
optimizationproblems;severalapplications

ThomasStützle,Irina Dumitrescu,Topicsin Local Search— MN Summerschool,Tenerife,2003– p.13



Example: QAP

basicneighborhoodfor the QAP

LocalSearch: 2-opt

A C D E FB

A C DE FB

old

new

computationof thecostfunctionfrom scratchin

�

�
	

�

�

for 2-opt wecanagainuse

�

-evaluation

�aneighboringsolutioncanbeevaluatedin

�

�
	 �

onefull neighborhoodscancanbecompletedin

�

�
	

�

�
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Exchangeof objects ��� �

for asymmetric instances
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(1)
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Fastupdate

�

�

resultsfrom � by exchangingobjects �

�

�

computationof
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Fastupdate

fastupdatecanbeusedwithin bestimprovementlocal
search(ie. alsotabu search)

requires:additionalmemorizationof the
�

�

�

�

�

�

�

�

valuefor
all pairs �

�

� in a table

�rst local searchiterationin

�

�
	

�

�

for initializing thetable

in thesubsequentiterationsexchangescanbecomputedin

�

�
�

�

exception:objectsthatweremovedin previousiteration

ThomasStützle,Irina Dumitrescu,Topicsin Local Search— MN Summerschool,Tenerife,2003– p.17



Example— 2-optfor QAP

local searchvariantsof 2-opt,averageresultsover100
restarts;timesmeasuredona PentiumIII 500MHz

bestImp. �rst Imp �rst Imp+dlbs

secs moves

�

avg secs moves
�

avg secs moves

�

avg

tai50b 0.06 56 6.9% 0.08 189 7.1% 0.04 186 7.2%

tai60b 0.12 72 8.3% 0.16 266 7.4% 0.08 261 7.5%

tai80b 0.33 100 6.3% 0.43 368 5.9% 0.22 356 6.0%

sko72 0.21 77 2.6% 0.27 210 2.5% 0.13 202 2.7%

sko80 0.31 89 2.3% 0.42 249 2.1% 0.19 240 2.3%

sko90 0.46 105 2.2% 0.62 288 2.2% 0.28 276 2.4%
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don't look bits
a techniquethatallows to focusthelocal searcharoundthe
partwherepotentiallytherecanhappensomething

allows to reducethecheckout time

only applicablewith �rst-improvementpivoting rule

proceedsas
associateto each"component"a don't look bit
if don't look bit is zero,thecomponentcanbeusedin an
outerloopof animprovementsearch
if no improving move is foundfor thecomponent:setits
don't look bit to one
if acomponentis involvedin amove: setdon't look bit
to zero
if for the"outer-loopcomponent"no improving move is
found:setits don't look bit to one
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don't look bits

procedure iterative improvement

for

�

�

�

to � do

if dlb

�

�

�

�

�

then continue

improve_�ag � false

for

�

�

�

to � do

CheckMove

�

�
�

�




if move improvesthen

ApplyMove
�

�
�

�




; dlb

�

�

�

�

�

, dlb

�

�

�

�

�

improve_�ag � true

endfor

if improve_�ag � falsethen dlb

�

�

�

�

�

end

end iterative improvement
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don't look bits

often: signi�cant speed-upatonly low lossof solution
quality

integrationpossibilitiesbetweenperturbationandlocal
searchin ILS

resetdon't look bits to zeroonly of "moved"solution
componentsin aperturbation

samepossibilityis availablefor memeticalgorithmsafter
applyingrecombinationor mutation

someSLSmethodsdonotallow for aneasyintegrationof
don't look bits
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Perturbation— Speed,ILS for TSP

compareNo. local searches(here,
3-opt)in �x edcomputationtime

�

LSRR: No. local searcheswith
randomrestart

�

LS1-DB: No. local searcheswith
onedoublebridgemove as
Perturbation

�

LS1-DB

�

�

LSRR: factor
between

�

LS1-DB and

�

LSRR

time limit: 120 secon a PentiumII
266MHz PC

instance

�

LSRR

�

LS1-DB
�

LS1-DB

�

�

LSRR
kroA100 17507 56186 3.21

d198 7715 36849 4.78

lin318 4271 25540 5.98

pcb442 4394 40509 9.22

rat783 1340 21937 16.38

pr1002 910 17894 19.67

d1291 835 23842 28.56

fl1577 742 22438 30.24

pr2392 216 15324 70.94

pcb3038 121 13323 110.1

fl3795 134 14478 108.0

rl5915 34 8820 259.4
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Neighborhoodpruning

Example: TSP, 2-opt local search

importantproperty: for any improving 2-opt move, there
is at leastonenodethatis incidentto anedge � thatis
replacedby adifferentedge �

�

with lowerweight

�x edradiusnearestneighboursearch
considerbothtourneighboursof anode �

� , say �

�

searcharound �

� for nodes �

� for which holds

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

for eachsuchcity �

� deleteuniqueedgeto make
feasible2-opt moveandtestfor improvement
if �x edradiusnearneighborsearchesfor all nodesare
unsuccessful,thetour is 2-opt
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Neighborhoodpruning

support�x edradiussearchby appropriatedatastructures

nearestneighborlists for eachcity
for eachnode �

�

	

�

�

�

�

�

�

�

givesthe �–nearestneighbour
of �

�

severalpossibilitiesavailableof how to construct
candidatesets

neighborhoodpruningapplicablesimilarly to many geometric
problems;for otherproblemsoftenmorecomplicatedthanfor

TSPor not possibleatall
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Exampleresults: TSP

timingsfor 1000local searcheswith 2-opt and3-opt variantsfrom randominitial
solutionsonaPentiumIII 500MHz CPU.std: nospeed-uptechniques;fr+cl : �x edradius
andunboundedcandidatelists,dlb: don't look bits

2-opt -std 2-opt -fr+cl 2-opt -fr+cl+dlb 3-opt -fr+cl+dlb

instance

�

avg

�

� � �

�

avg

�

� � �

�

avg
�

� � �

�

avg

�

� � �

kroA100 8.9 1.6 6.4 0.5 6.6 0.4 2.4 4.3

d198 5.7 6.4 4.2 1.2 4.3 0.8 1.4 30.1

lin318 10.6 22.1 7.5 2.1 7.9 1.5 3.4 65.5

pcb442 12.7 55.7 7.1 2.9 7.6 2.2 3.8 63.4

rat783 13.0 239.7 7.5 7.5 8.0 5.8 4.2 213.8

pr1002 12.8 419.5 8.4 13.2 9.2 9.7 4.6 357.6

pcb1173 14.5 603.1 8.5 16.7 9.3 12.4 5.2 372.3

d1291 16.8 770.3 10.1 16.9 11.1 12.4 5.5 377.6

fl1577 13.6 1251.1 7.9 25.8 9.0 19.2 4.0 506.8

pr2392 15.0 2962.8 8.8 65.5 10.1 49.1 5.3 878.1
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Ef�cient computationof movevalues

Example: SAT, GSAT local search architecture

1-optneighbourhood

oneof the�rst local searchalgorithmsfor SAT

bestimprovementpivoting rule
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Local Search for SAT

procedure local searchfor SAT
input CNFformula

�

, maxTries, maxSteps
output modelfor

�

or “no solutionfound"
for

�

:= 1 to maxTriesdo

� := initAssign

�

�

�

;
for

���

�

�

to maxStepsdo
if � satis�es

�

then return �;
else

	 := chooseVariable(

��


� );

� := � with truthvalue�ipped for 	;
end if

end for
end for
return “no solutionfound”;

end local searchfor SAT
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Implementationissues

for eachiterationoneneedsto computescoresof variables

simpleapproach
recomputescoresaftereachiterationfrom scratch
requireseffort in

�

�

�

�

�
�

�
	

� �

�: numberof clauses,

�
�

��� �

: boundon maximumclauselength

ef�cient computationof �ip effectsrequired

idea
usedynamicupdateof thescores
useappropriatedatastructuresto allow for thedynamic
update
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Implementationissues

centralobservation
only thescoreof variables �

�

is affectedby �ipping a
variable � thatoccurin asameclauseasvariable �

for anupdateof thescoreonly clausesareinterestingin
which the�ipped variable � occurs

�

dep

�

�

�

�

�

�

���

is aclauseof

�

�

� appearsin clause�

datastructure
eachvariableshasa list of clauseswhereit occurs
for eachvariablestoretruthvalue,score;for eachclause
storeit satisfactionstatus
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Scoreupdate

thescoreof variable � changesits sign

go throughall theclauses�

�

�

dep

�

�

�

�

�

andfor all
variablesin eachclausedo

if theclausehasbecomeunsatis�edby �ipping �, then
increasethescoreof theothervariablesby one
if theclausewasunsatis�edandhasbecomesatis�ed,
thendecreasescoreof all othervariablesby one
if �ipping � makestwo variablesinsteadof one
satisfyingtheclause,thensearchtheotheroneand
increaseits scoreby one

Analogousupdateschemesareessentialfor many problemslike
graphcoloring,time tabling,setcovering,etc.
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Largeneighborhoods

severallocal searchalgorithmssearchlarge,typically
exponentiallysizedneighborhoods

explorationof theneighborhoodsthroughappropriate
techniquestypically possiblein polynomialtimeeither
through

insightinto neighborhoodstructureandsearchingit with
exactalgorithms
aheuristicallyguidedsearchin theneighborhood

advantages:typically muchbettersolutionquality reachable
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Variable depthsearch algorithms

complex movesarebuild asbeingaconcatenationof a
numberof simplemoves

thenumberof simplemovescomposingacomplex oneis
variableanddeterminedbasedongaincriteria

thesimplemovesneednotbeindependentof eachother

terminationis guaranteedthroughadditionalconditionson
thesimplemoves

example

Lin-Kernighanalgorithmfor TSPs
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Lin-Kernighan for TSPs

ateachcomplex searchstepasetof edges
�

�

�

�

�

�� � � �

�

�

�

is deletedandanotherset

�

�

���

�

�� � � �

�

�

�

is addedto a tour

thenumberof edges � is determineddynamically

thetwo sets

�

and

�

areconstructediteratively, elementby
element

edges �
� and�

� aswell as�

� and �
�




� mustsharean
endpoint(sequentialmoves)

atany point in thesearchthereneedsto beanedge�

�

� such
thatthecomplex stepde�ned by

�

�

�

�

�

�� � � �

�
�

�

and

�

�

�
�

�

�� � � �

�

�

�

�

is a feasibletour

illustration:
�

-path
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Lin-Kernighan for TSPs

(a)

(b)

(c)

v

v

v

u

u w

w

v´

u

u vw

v´

w´

(d)
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-path

�

-path:(spanningtreeplusoneedge)

v
u w

u'

a delta-path
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converta

�

-pathinto a tour

v
u w

u'

v
u w

u'
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new

�

-pathfrom previous

�

-path

v
u w

u'

v
u w

u'

w'
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Limitations on moves

lengthrestrictions
edgesthatareincludedin set

�

(addededges)maynot
bedeletedanymore
edgesthatareincludedin set

�

(deletededges)maynot
beaddedagain

�boundsthedepthof thesearchto amaximumof 	 moves

costrestrictions
stoptheconstructionprocessof thecomplex move if the
resulting

�

-pathhashigherweightthantheshortesttour
foundin theprocess
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Search guidancein LK

ateachstep,try to includea leastcostlypossibleedge�

�

if no improvedcomplex move is found
applybacktrackingon the�rst andsecondlevel of the
constructionsteps(choicesof �

�

�

�

�

�

�

�

�

�

� )
consideralternativechoicesin orderof increasing
weightof candidatesup to amaximumnumberof
candidates
at thelastlevel, considerdifferentstartingnodesfor
search
backtrackingassures�nal tour to be2-opt and3-opt

importantaretechniquesfor pruningthesearch
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Remarks

Lin-Kernighanalgorithmis bestperforminglocal searchfor
TSP

many variantsof thealgorithmareavailable(seealsorecent
DIMACSchallenge)

anef�cient implementationrequiressophisticateddata
structures(severalarticlesavailableon thissubject)

implementationis quitetimeconsuming,but

at leastthreeverygoodimplementationsarepublically
available(concorde,Helsgaun,Neto)

variabledepthsearchalgorithmsarenow availablefor many
problemsandfor many they show excellentperformance
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Ejectionchains

similarapproachasin variabledepthsearchalgorithms

differencesconcernmainly thatejectionchainsallow for
more�e xibility in movegeneration

complex movesarecomposedof asequenceof dependent,
simplemoves

“Ejectionmoves”: movesthatallow to doa transitionto a
differentsolutionby ejectingsomesolutioncomponents

“trial moves”: movesthattry to restorefeasiblesolutions
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Conclusions(1)

implementationaspects
ef�cient evaluationof costfunctions(

�

–evaluationetc.)
seeminglyminor implementationdetailscanhave
signi�cant in�uence onsearchperformance(pivoting
rules,orderin whichneighborhoodsarescannedetc.)
exploitationof problemspeci�c propertiescanimprove
stronglythespeedof local search
appropriatedatastructuresareessentialfor ef�cient
implementationsof local searchalgorithms

But: they donotmakeup for apoorchoiceof aneighborhood
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Conclusions(2)

complex (large-scale)neighborhoods
allow to obtainbettersolutionquality in asinglelocal
searchstepthansimpleexchangeneighborhoods
oftenexploreexponentiallysizedneighborhoodsbut that
areexploredtypically in polynomialtime
oftenrelatively complex to implementthemef�ciently
oftenrequiredeepknowledgeabouttheproblemfor
their development
but for severalproblemsthey arethe(by far)best
performinglocal searchalgorithms
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