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Exampleproblem— TSP

# qgivern fully connected,

weightedGraph

#® goal nd shortest

Hamiltoniancycle

® hardnessN -hard

standard

benchmarkproblemfor
algorithmicideas

Interest

9
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Ingr edients
# (candidate}yolutionrepresentatiorsearclspacade nition

TSP:setof all possiblepermutation®f thecity indices

® solutionset

TSP:setof all shortesHamiltoniancycles(tours)

® costfunction IR

TSP:sumof theweightsof theedgesn atour

9 neighborhoodelationN TSP:e.g. -exchangeneighborhood:;

two toursdiffer in (atmost) edges

# anexaminationschemeof theneighborhood

how to searchmeighborhoodndto choosea new solution
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| ocal seard

Main issues

# neighborhoodile nition
s problemspecic

» essentiain uence onef ciency andeffectivenessf
local search

s tradeof:. sizeandsolutionquality vs.timeto search

# neighborhoodaxaminationmechanism
s In whichorderto searcmeighborhood
s whichneighboringsolutionbecomesewn one
(pivoting rule)

# remark:neighborhoodsaretypically de ned throughmoves
thatareapplicableto solutions
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Disclaimer

In this presentationve only talk aboutissuesvhenimplementing
iterative Improvementalgorithms

procedure lterative improvement
while N do

end
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Advantagef local searth

Why canlocal searchbe good trivial reasonsy

# costof generatingheighboringsolutions

s typically, for generatinganeighboringsolutionthe
computationatcompleity is muchlowerthan
generatinga new solutionfrom scratch

s for evaluatinga neighboringsolution,it oftendoesnot
needto generatet explicitly atall
# costof evaluatingneighboringsolutions

s typically -evaluationcanbedonein acomputational
costthatis muchlessthancomputingsolutioncostfrom
scratch
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Disadvantage®f local seart?

iteratve Improvementmaytake exponentiakime in the
worstcase
but usuallythis occuris only rarely andfor few problems

exponentialincreasef the numberof local minimawith
Instancesize

short-sightedness local search
general:problemof local optimality

Experiencehasshaovn thatthedisadwantagesrefor mary
problemspy far outweightedoy theadvantages
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Pivoting rules

givesarule which of the neighboringsolutionsis accepted
s bestimprovement

s ISt improvement

s (worstimprovement) pleasedont usethisone

"checlout-time"

It is problemdependentyvhich pivoting rule resultsin better
guality solutionsor givesplaceto fasterocal search
algorithms

pivoting rulescanhave signi cant in uence onthe
performancef local searchalgorithms
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Examplewhere rst Is fasterthan best

® TSP 2-opt , averagesverl0localsearches
(CPU:UltraSpar@00MHz)

randomstartingsolution

bestimp rst imp

secs No.moves avg secs No.moves avg
d198 0.93 220 4.8% 0.038 390 5.2%
in318 4.35 380 7.9% 0.12 680 14.3%
pcb442 11.60 500 10.9% 0.23 950 11.6%
rat783 72.06 750 10.0% 0.84 1820 11.2%
pcb1173 — — — 1.99 2730 13.3%
fl1577 — — — 474 2900 12.1%

pr2392 — — — 10.1 5790 13.9%
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Neighborhoodexamination

# orderof searchingheneighborhood
s deterministioorder
s randomorder

#® whereto continuethelocal searchafteranexchange
s continuefrom whereyou are

s restartfrom whereyou startedscanninghe
neighborhood

bestvariantneeddo bedeterminedn anexperimental
way
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A-evaluation— TSP

2-opt .
RN

\. K .\

/\/

#® computecostof a2-opt movein constantime ( ) as

l, s(i): city andits successoin thetour
J, s()): city andits successoin thetour

® costof evaluationfunctionevaluationfrom scratch:linear
time ( )
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Example: QAP

givert objectsand locationswith
P . ow from object to object
I . distancebetweerocation andlocation

goatl nd anassignmen(i.e. apermutationpf the objects
tothe locationsthatminimizes

2.2

giveslocationof object

iInterest it iIs amongthe “hardest”combinatorial
optimizationproblems;severalapplications
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Example: QAP

basicnheighborhoodfor the QAP
#® LocalSearch: 2-opt

— T
Al E C D | B F ew

# computatiorof the costfunctionfrom scratchin

o for2-opt wecanagainuse -evaluation
aneighboringsolutioncanbeevaluatedn

# onefull neighborhoogcancanbecompletedn
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Exchangeof objects

for asymmetric instances

2

for symmetric instances

(1) >
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Fastupdate

] resultsfrom by exchangingobjects
& computatiorof , With
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Fastupdate

fastupdatecanbe usedwithin bestimprovementiocal
search(ie. alsotalu search)

requires:additionalmemorizatiorof the valuefor
all pairs in atable

rst local searchterationin for initializing thetable
In thesubsequenterationsexchangesanbe computedn

exception.objectsthatweremovedin previousiteration
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Example— 2-optfor QAP

# |ocalsearchvariantsof 2-opt,averageresultsover 100
restartsfimesmeasureanaPentiumlll 500MHz

bestimp. rst Imp rst Imp+dibs

SeCsS moves avg SeCsS moves avg SecsS moves avg

taiS0b 0.06 56 6.9% 0.08 189 7.1% 0.04 186 7.2%
tai6Ob 0.12 72 83% 0.16 266 7.4% 0.08 261 7.5%
tai80b 0.33 100 6.3% 0.43 368 59% 0.22 356 6.0%
sko72 0.21 77 26% 0.27 210 25% 0.13 202  2.7%
sko80 0.31 89 23% 0.42 249 2.1% 0.19 240 2.3%

sko90 0.46 105 2.2% 0.62 288 22% 0.28 276  2.4%
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don't look bits

atechniqueahatallows to focusthelocal searcharoundthe
partwherepotentiallytherecanhappersomething

allows to reducethecheclouttime
only applicablewith rst-improvementpivotingrule

proceedss
s associatéo each"component'adon't look bit

s If don't look bit is zero,thecomponentanbeusedin an
outerloop of animprovementsearch

s If noimproving moveis foundfor thecomponentsetits
don't look bit to one

s If acomponents involvedin amove: setdon't look bit
to zero

s If for the"outerloop component’hoimproving move is
found: setits don't look bit to one
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don't look bits

procedure iterative improvement
for to do
If dib then continue
iImprove_ag false
for to do
CheckMove
If move improvesthen
ApplyMove ; dib , dlb
Improve_ag true
endfor
If improve _ag falsethendib
end
end iterative improvement
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don't look bits

often: signi cant speed-u@t only low lossof solution
guality
Integrationpossibilitiesbetweerperturbatiorandlocal
searchn ILS
s resetdon't look bitsto zeroonly of "moved" solution
componentsn a perturbation

samepossibilityis availablefor memeticalgorithmsafter
applyingrecombinatioror mutation

someSLSmethodsdo notallow for aneasyintegrationof
don't look bits
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Perturbation— Speed]LS for TSP

instance LSRR LS1_pB LS1.pg LSRR
kroA100 17507 56186 3.21
compareNo. local searcheghere, O_I198 7S 36849 4.78
3-opt)in x edcomputatiortime in318 4271 25540 5.98
LSRR: No. local searchesvith pcb442 4394 40509 9.22
randomrestart rat783 1340 21937 16.38
LS1.pg: No. local searchesvith pri002 910 17894 19.67
onedoublebridgemove as d1291 835 23842 28.56
Perturbation fl1577 742 22438 30.24
LS1.p8 LSRR: factor pr2392 216 15324 70.94
between LSq pgand LSRR pchb3038 121 13323 110.1
time limit: 120 secon a Pentiuml| fl3795 134 14478 108.0
266MHz PC 115915 34 8820 259.4
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Neighborhoodpruning

Example: TSP, 2-optlocal search

#® importantproperty for any improving 2-opt move,there
IS atleastonenodethatis incidentto anedge thatis
replacedoy adifferentedge with lowerweight

# X edradiusnearesheighboursearch

»

»

considerbothtour neighbourof anode , say
searcharound for nodes for whichholds

for eachsuchcity  deleteunigueedgeto make
feasible2-opt move andtestfor improvement

If X edradiusnearneighborsearche$or all nodesare
unsuccessfuthetouris 2-opt
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Neighborhoodpruning

#® supportx edradiussearchoy appropriatedatastructures

#® nearesheighboilists for eachcity

s for eachnode givesthe —nearesheighbour
of

» Severalpossibilitiesavailableof how to construct
candidatesets

neighborhoogruningapplicablesimilarly to mary geometric
problemsfor otherproblemsoftenmorecomplicatedhanfor
TSPor not possibleatall
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Exampleresults: TSP

® timingsfor 1000local searchesvith 2-opt and3-opt variantsfrom randominitial
solutionson a Pentiumlll 500MHz CPU.std: no speed-ugechniquesfr+cl: x edradius
andunboundedandidatdists, dlb: don't look bits

2-opt -std 2-opt -fr+cl 2-opt -fr+cl+dlb | 3-opt -fr+cl+dlb
instance avg avg avg avg
kroA100 8.9 1.6 6.4 0.5 6.6 0.4 2.4 4.3
d198 5.7 6.4 4.2 1.2 4.3 0.8 1.4 30.1
in318 10.6 22.1 7.5 2.1 7.9 1.5 3.4 65.5
pch442 12.7 55.7 7.1 2.9 7.6 2.2 3.8 63.4
rat783 13.0 239.7 7.5 7.5 8.0 5.8 4.2 213.8
pr1002 12.8 4195 8.4 13.2 9.2 9.7 4.6 357.6
pcb1173 145 603.1 8.5 16.7 9.3 12.4 5.2 372.3
d1291 16.8 770.3 10.1 16.9 11.1 12.4 2.5 377.6
fl1577 13.6 1251.1 79 25.8 9.0 19.2 4.0 506.8
pr2392 15.0 2962.8 8.8 65.5 10.1 49.1 5.3 878.1
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Ef cient computationof move values

Example: SAT, GSAT local search architecture

# 1-optneighbourhood
# oneof the rst local searchalgorithmsfor SAT
#® Dbestimprovementpivotingrule
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Local Seardt for SAT

procedure local searchfor SAT
input CNFformula , maxTries maxSteps

output modelfor or “no solutionfound"
for :=1to maxTriesdo
.= InitAssign
for to maxStepslo
if satises thenreturn ;

else
.= choose¥riabl¢ );

= with truthvalue ipped for ;

end if
endfor

end for
return “no solutionfound™;

end local searcifor SAT
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L

Implementationissues

for eachiterationoneneed4o computescoresnf variables

simpleapproach
s recomputescoresaftereachiterationfrom scratch
s requireseffort in
: numberof clauses, . boundon maximumclausdength
ef cient computatiorof ip effectsrequired
idea
» usedynamicupdateof thescores

s useappropriatedatastructurego allow for thedynamic
update
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Implementationissues

® centralobsenation

» onlythescoreof variables Is affectedby ipping a
variable thatoccurin asameclauseasvariable

s for anupdateof thescoreonly clausesareinterestingn
whichthe ipped variable occurs

dep IS a clauseof appearsn clause

® datastructure
o eachvariableshasalist of clausesvhereit occurs

o for eachvariablestoretruth value,score;for eachclause
storeit satishctionstatus
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Scoreupdate

# thescoreof variable changests sign

# gothroughall theclauses dep andfor all
variablesn eachclausedo

s If theclausehasbecomeunsatis edby ipping ,then
Increasdahe scoreof the othervariablesoy one

s If theclausewasunsatis edandhasbecomesatis ed,
thendecreasacoreof all othervariablesoy one
If Ipping makestwo variablesnsteadof one
satisfyingthe clausethensearchtheotheroneand
Increasats scoreby one

Analogousupdateschemesreessentiafor mary problemdike
graphcoloring,time tabling,setcovering,etc.
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Large neighborhoods

severallocal searchalgorithmssearcHarge, typically
exponentiallysizedneighborhoods

explorationof the neighborhoodghroughappropriate
techniguegypically possiblein polynomialtime either
through

Insightinto neighborhoodtructureandsearchingt with
exactalgorithms

a heuristicallyguidedsearchn theneighborhood
advantagestypically muchbettersolutionquality reachable
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Variable depthseart algorithms

complex movesarebuild asbeinga concatenatiowf a
numberof simplemoves

the numberof simplemovescomposinga comple< oneis
variableanddeterminedasedon gain criteria

thesimplemovesneednot beindependenof eachother

terminationis guaranteethroughadditionalconditionson
thesimplemoves

example

Lin-Kernighamalgorithmfor TSPs
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Lin-Kernighanfor TSPs

ateachcomplex searchstepa setof edges
IS deletedandanotherset Is addedo atour

thenumberof edges is determinedlynamically

thetwo sets and areconstructedteratvely, elementoy
element

edges and aswellas and mustsharean
endpoint(sequentiamoves)

atary pointin thesearchthereneeddo beanedge such
thatthe complex stepde ned by and
Is afeasibletour

illustration: -path
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Lin-Kernighanfor TSPs

(@)

u w %
O O O
(b)

u
ok
v
(c)
u W W \'
O S
v

(d)
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-path

-path: (spanningreeplusoneedge)

a delta-path
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converta -pathinto atour
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newv -pathfrom previous -path
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Limitations on moves

lengthrestrictions

edgeghatareincludedin set (addededges)maynot
bedeletedanymore

edgeghatareincludedin set (deletededges)maynot
beaddedagain

boundsthedepthof thesearchto amaximumof moves

costrestrictions

stopthe constructiomprocessf thecomplex move if the
resulting -pathhashigherweightthanthe shortestour
foundin the process
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Seard guidancein LK

ateachstep,try to includealeastcostly possibleedge

If noimprovedcomplex moveis found

applybacktrackingpnthe rst andsecondevel of the
constructiorsteps(choicesof )

consideralternatve choicean orderof increasing
weightof candidatesip to a maximumnumberof
candidates

atthelastlevel, considedifferentstartingnodestor
search

backtrackingassuresnal tourto be2-opt and3-opt
Importantaretechniquedor pruningthesearch
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Remarks

Lin-Kernighamalgorithmis bestperforminglocal searcHor
TSP

mary variantsof thealgorithmareavailable(seealsorecent
DIMA CSchallenge)

anef cient implementatiorrequiressophisticatedlata
structuregseveralarticlesavailableon this subject)

Implementations quitetime consumingput

atleastthreevery goodimplementationsrepublically
available(concordeHelscaun,Neto)

variabledepthsearchalgorithmsarenow availablefor mary
problemsandfor mary they showv excellentperformance
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Ejection chains

similar approachasin variabledepthsearchalgorithms

differencexoncermmainly thatejectionchainsallow for
more e xibility in move generation

complex movesarecomposef a sequencef dependent,
simplemoves

“Ejectionmoves”: movesthatallow to do atransitionto a
differentsolutionby ejectingsomesolutioncomponents

“trial moves”: movesthattry to restorefeasiblesolutions
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Conclusions(1)

Implementatioraspects
ef cient evaluationof costfunctions( —evaluationetc.)

seeminglyminorimplementatiordetailscanhave
signi cant in uence on searchperformancegpivoting
rules,orderin which neighborhoodarescannecetc.)

exploitationof pro

plemspeci ¢ propertiecanimprove

stronglythe speec

Of local search

appropriatedatastructuresareessentiafor ef cient
Implementation®f local searchalgorithms

But: they do not make up for a poorchoiceof aneighborhood
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Conclusions(2)

comple (large-scalenheighborhoods

allow to obtainbettersolutionquality in asinglelocal
searchstepthansimpleexchangeneighborhoods

oftenexplore exponentiallysizedneighborhoodéut that
areexploredtypically in polynomialtime

oftenrelatvely complex to implementthemef ciently

oftenrequiredeepknowledgeaboutthe problemfor
their development

but for severalproblemsthey arethe (by far) best
performinglocal searchalgorithms
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